Evidence is presented to suggest that, in three dimensions, spherical 6-designs with N points exist for N = 24, 26, ≥ 28; 7-designs for N = 24, 30, 32, 34, ≥ 36; 8-designs for N = 36, 40, 42, ≥ 44; 9-designs for N = 48, 50, 52, ≥ 54; 10-designs for N = 60, 62, ≥ 64; 11-designs for N = 70, 72, ≥ 74; and 12-designs for N = 84, ≥ 86. The existence of some of these designs is established analytically, while others are given by very accurate numerical coordinates. The 24-point 7-design was first found by McLaren in 1963, and -although not identified as such by McLaren -consists of the vertices of an "improved" snub cube, obtained from Archimedes' regular snub cube (which is only a 3-design) by slightly shrinking each square face and expanding each triangular face. 5-designs with 23 and 25 points are presented which, taken together with earlier work of Reznick, show that 5-designs exist for N = 12, 16, 18, 20, ≥ 22. It is conjectured, albeit with decreasing confidence for t ≥ 9, that these lists of t-designs are complete and that no others exist. One of the constructions gives a sequence of putative spherical t-designs with N = 12m points (m ≥ 2) where N = 1 2 t 2 (1 + o(1)) as t → ∞.
Introduction
A set of N points ℘ = {P 1 , . . . , P N } on the unit sphere Ω d = S d−1 = {x = (x 1 , . . . , x d ) ∈ R d : x · x = 1} forms a spherical t-design if the identity
(where µ is uniform measure on Ω d normalized to have total measure 1) holds for all polynomials f of degree ≤ t ( [10] ; [13] ; [6, §3.2] ). In the present paper we are concerned only with the case
It is trivial that 1-designs exist if and only if N ≥ 2, and Mimura [23] showed that 2-designs exist if and only if N = 4, ≥ 6. Bajnok [2] found 3-designs for N = 6, 8, ≥ 10 and conjectured that they do not exist for N = 7 and 9. 2 That 3-designs do not exist for N ≤ 5 is a consequence of the lower bounds
if t = 1, 2, 3, 5 the right-hand sides of (2a), (2b) can be increased by 1 ,
which were established in [10] , [3] , [4] . In [16] we showed that 4-designs exist for N = 12, 14, ≥ 16, and conjectured that no others exist. Reznick [25] showed that 5-designs exist for N = 12, 16, 18, 20, 22, 24, ≥ 26. We have found 5-designs with N = 23 and 25 (see Table I) ,
and, our search having repeatedly failed in the remaining cases, conjecture that 5-designs do not exist for N = 13-15, 17, 19 and 21. Bajnok [1] gave a general construction for t-designs
on Ω 3 , but his designs (described in §5) are much larger than ours.
Following Reznick [25] , we make use of the fact that a set of points {P i } forms a spherical t-design if and only if the polynomial identities
hold, where s and s are defined by {2s, 2s + 1} = {t − 1, t} (see [13] ; [24, p. 114] ).
Summary of results
Let τ (N ) denote the largest value of t for which an N -point 3-dimensional spherical t-design exists. Since a t-design is also a t ′ -design for all t ′ ≤ t, an N -point spherical t-design exists if and only if τ (N ) ≥ t.
Our main results are summarized in Table I , which gives what we believe are the values of τ (N ) for N ≤ 100. The assertions made in the first sentence of the abstract can then be simply read off the table. The table also gives, in columns 4 and 5, the largest symmetry group we have found for such a design (using the notation of [8] ), and in some cases a list of the sizes of the orbits under this group and a description of the polyhedron formed by the points. In most cases the designs found were not unique.
For every value of N in the table we have found very accurate numerical coordinates for a putative spherical t-design with t equal to the value given in column 2. Furthermore, after a considerable amount of searching, we have been unable to find a (t + 1)-design, and so we conjecture that the entries in column 2 do indeed give the exact values of τ (N ).
In a number of cases we have proved that there is a spherical t-design that is very close to our numerical approximation. To do this we reduce (3a), (3b) to a set of simultaneous algebraic equations, and then show either algebraically (with the help of Maple [5] ) or by interval methods (using Intbis [20] ) that these equations do have a solution in the neighborhood of the approximate solution. Examples will be found in the next two sections.
A symbol V1 in the third column of Table I indicates that we have an algebraic proof of the existence of the design, V2 that we have a proof by interval methods, and V3 that we have a numerical solution with discrepancy ∆(℘) (defined below) at most 10 −26 . References to the literature indicate who first proved the existence of some spherical t-design with this number of points (not necessarily the particular design described in the table). The numerical coordinates for these t-designs were found by a modified version of the Hooke and Jeeves [19] "pattern search" optimizer that we have already used to search for spherical codes [18] and experimental designs [15] , [16] , [17] .
x e 3 3 of degree d, and let ∆ f (℘) be the difference between the right and left sides of (1) for this f for a set of points ℘ = {P 1 , . . . , P N }. The criterion we used was to minimize
since ℘ is a spherical t-design if and only if this sum vanishes. (The multinomial coefficients make the sums rotationally invariant.) As a check we also computed the discrepancy of the points,
In practice we have found that in the range of Table I , if ∆(℘) < 10 −16 then there is a spherical t-design ℘ * very close to ℘.
Incidentally, it would be nice to have a formal version of this: a theorem giving an explicit
The search was conducted by choosing a symmetry group from the lists of decomposable rotation groups of orders up to 21 and all indecomposable rotation groups, picking a random starting configuration invariant under this group, and optimizing with respect to the above criterion in such a way as to preserve (or increase) the symmetry. The program cycled through the values of N from 10 to 100. For each N , equal effort was spent in trying to increase the value of t, and in trying to find a larger group for the current t. The search was terminated when no further improvements were found after several months of computing.
In Sections 3 and 4 we describe in more detail several of the designs mentioned in Table I .
Numerical coordinates for all these designs have been placed on NJAS's home page.
The improved snub cube
The regular snub cube ( [7] , [9] ), the familiar Archimedean solid with equal edges, has symmetry group [3, 4] 
respectively, and A 2 + B 2 + C 2 = 1. One may verify from Eq. (2) that these 24 points form a spherical 3-design but not a 4-design.
However, by moving the vertices slightly, we can obtain a 7-design. Again we take the vertices to consist of the 24 images of (A, B, C) under the group, where A 2 + B 2 + C 2 = 1.
Eq. (3b) with s = 3 is trivially satisfied, and Eq. (3a) with s = 3 leads to the equations
easy to show that these equations are satisfied by taking A = .86624682 . . ., B = .42251865 . . ., C = .26663540 . . . to be the positive roots of the single equation
The convex hull of these points is the "improved" snub cube, differing from the regular one in that each square face has been slightly shrunk and each triangular face slightly expanded. It is almost indistinguishable in appearance from the regular snub cube. As far as we know this polyhedron is new. 3 In 1981 Goethals and Seidel [14] had shown that a similar improvement can be made to the regular truncated icosahedron (or soccer ball), another of the Archimedean solids. The 60 vertices of the Archimedean solid form a spherical 5-design, but Goethals and Seidel showed that a slight perturbation of the vertices (while preserving the group) changes them to a 9design. Again the improved version is almost indistinguishable from the original, which is shown in Fig. 1(a) . However, as can be seen from Table I , it is possible to find a 9-design with only 48 points, and a 10-design with 60 points. The convex hull of our 60-point 10-design is shown in Fig. 1(b) . Coordinates will be found in §6. This figure has symmetry group [3, 3] + , and is the union of five snub tetrahedra. It has 174 edges and 116 triangular faces, and we do not expect it to replace the standard soccer ball! (a) (b) Figure 1 : (a) The regular truncated icosahedron (or soccer ball), whose 60 vertices form a spherical 5-design. The Goethals-Seidel improved football [14] , which forms a spherical 9design, is almost indistinguishable from this. (b) Our 60-point spherical 10-design.
Other examples of new spherical designs
We begin with two 5-designs that Reznick [25] was not able to find. As one might expect, these are somewhat complicated.
A 25-point 5-design with group [2, 5] + of order 10. There are infinitely many 25-point 5-designs, of which the following is the nicest we have found. The points are (0 cos kθ sin kθ) ,
(h 2 g 2 cos(kθ + π 2 ) g 2 sin(kθ + π 2 )) , (−h 2 g 2 cos(kθ + π 2 ) −g 2 sin(kθ + π 2 )) ,
where 0 ≤ k ≤ 4, θ = 2π/5,
5540 . . . , .9272 . . . ,
3745 . . ., π 2 = 2.057 . . . radians, defined by the condition that cos(π 2 ) = −.4670 . . . is a root of
(It is straightforward to show that these values satisfy the equations obtained when (4) is substituted in (3a) and (3b) with s = s = 2.) Other solutions can be obtained by including a phase angle π 1 in the second and third lines of (4). After a considerable amount of experimenting we found a numerical solution with a symmetry of order 2, consisting of the points (±1, 0, 0), (0, ±1, 0), (0, 0, −1),
where 0 ≤ i ≤ 8, the ±1 signs in the last expression are linked, a 0 = 1/3, We then used interval Newton methods, as implemented in the software package Intbis [20] , to show that these 26 equations have a unique solution in a small box around the point (7) .
We later found numerical solution with a larger group, [2, 3] + , of order 6 (see Table I ), but we have included the above existence proof as illustrative of the interval method. The complexity of this polynomial indicates why we have been satisfied to find purely numerical solutions for the larger designs in the table.
Designs with larger numbers of points
Although Table I only extends to N = 100, larger designs for fixed t may be obtained using the fact that an N 1 -point design and an N 2 -point design can be combined to form an (N 1 +N 2 )point design. For example N -point 6-designs can be found for all N ≥ 28 by combining the designs in the table.
Alternative (and exact) designs can be found using a construction of Bajnok [1] . An n-point interval t-design consists of n distinct points P 1 , . . . , P n with −1 ≤ P i ≤ 1 such that
holds for all polynomials f of degree ≤ t. Bajnok shows that by taking regular m-gons at latitudes P 1 , . . . , P n one obtains a 3-dimensional mn-point spherical t-design, provided m ≥ t + 1.
It is known (see the survey by Gautschi [11] ) that for t = 1, 2, 3, . . . , 11, n-point interval t-designs exist for all n ≥ 1, 2, 2, 4, 4, 6, 6, 9, 9, 13, 13 , respectively. When t = 6, for example, Bajnok's construction produces N -point spherical 6-designs with N = 42, 48, 49, 54, . . . and all N ≥ 108.
A conjecturally infinite family of t-designs
Inspection of Table I shows Consider the ring R of polynomials in X, Y , Z that are invariant under G, ignoring the trivial invariant X 2 + Y 2 + Z 2 . If R j is the subspace of R consisting of homogeneous invariants of degree j, then the dimensions d j = dim R j are given by the Molien series for G:
(see [8] , Table 10 ).
In order for ℘ to form a t-design it is necessary and sufficient that the average of f over ℘ is equal to the average of f over Ω 3 for all f ∈ R 1 ∪ R 2 ∪ · · · ∪ R t ( [12, 14] ). This imposes
conditions on ℘. So provided 2m ≥ e t , we may reasonably expect that it will be possible to choose the orbits so that all the conditions are satisfied, and then a t-design with N = 12m points will exist. The values of e t can be obtained by expanding (8) , and we discover that t-designs with N = 12m points should exist for the values of t and N shown in Table II . Table I shows that such designs do indeed exist for t ≤ 13 (in fact for t = 7 only 24 points are needed).
We have verified numerically that the predicted designs also exist for all t ≤ 21, and Table III gives a set of orbit representatives (A, B, C) for a selection of these designs. (The others can be obtained from NJAS's home page -see §2.) 
